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Abstract 



' It is shown how the old Cartan's conjecture on the fundamental 

^ ■ role of the geometry of simple (or pure) spinors, as bilinearly under- 

i lying euclidean geometry, may be extended also to quantum mechan- 

I ics of fermions (in first quantization), however in compact momentum 

fSI ■ spaces, bilinearly constructed with spinors, with signatures unambigu- 

, ously resulting from the construction, and locally conceived as both 

Fourier- and conformally-dual to space-time, where classical mechan- 
ics is traditionally described. In this construction most of the elemen- 
tary equations of motion of fermion-physics, usually postulated ad hoc, 
QhI are naturally obtained from Cartan's equation defining spinors. We 

start from two-component spinors obeying Weyl equation for massless 
neutrinos (from which in turn Maxwell equations are derived) fol- 
lowing with eight-component spinor-equations representing charged- 
^ ' neutral fermion doublets presenting SU (2) U{1) internal symmetry, 

■ including the skeleton of the electroweak model, up to sixteen compo- 

nent Major ana- Weyl spinors associated with the real Clifford algebra 
C^(l,9), where, because of the known periodicity theorem, the con- 
struction naturally ends. C£(l,9) may be formulated in terms of the 
octonion division algebra, at the origin of SU{'i) internal symmetry, 
and which seems appropriate to furnish a natural explanation for sev- 
eral of the observed properties of baryon- and lepton-physics. 

In this approach the extra dimensions beyond 4 appear as interac- 
tion terms in the equations of motion of the fermion multiplet; more 
precisely the directions from S*'^ to S*'^ correspond to electric, weak 
and isospin interactions {SU{2) (8) U{1)), while those from S*'^ to 10*'* 
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to strong ones {SU{3)). Furthermore, dimensional reduction in mo- 
mentum space, which is compact, may be simply identified with "de- 
coupling". In fact it is generated by operators which are extensions 
of the familiar chiral projectors in spinor space, and they then natu- 
rally reduce both the spinor space of fermion multiplets (reduced by 
a factor 1/2) and the corresponding interaction terms, of which two 
are eliminated, corresponding to two extra dimensions in momentum 
space, for which then there seems to be no need of the corresponding 
configuration-space. Only four dimensional space-time is needed - for 
the equations of motion and for the local fields - and also naturally 
generated by four-momenta as Poincare translations. 

This spinor approach could be compatible with string theories and 
even explain their origin, since also strings may be bilinearly obtained 
from simple (or pure) spinors through sums; that is integrals of null 
vectors - which are generalizations of the old Enneper-Weierstrass pa- 
rametrization of minimal surfaces - in the case of real Clifford algebras, 
like 0(1,9), admitting Major ana- Weyl spinors. 

1 INTRODUCTION 

In the study of the elementary constituents of matter, the discovery of 
the existence of fermion- and boson-multiplets, which could be labeled 
according to the representations of certain groups {SU{2), SU{3)...), 
named internal symmetry groups, has brought to the conjecture of 
the existence of higher dimensional space-times, in which to imbed 
ordinary space-time. The non-observable dimensions (> 4) were then 
eliminated with appropriate methods (e.g. Kaluza Klein), confining 
them in compact manifolds of invisible size. 

Here we propose a more economical "constructive" approach which 
simply consists in representing the observed fermions, by Pauli, Weyl 
or Dirac spinors to be embedded in higher dimensional spinor spaces 
and consequently the same for their endomorphism- Clifford algebras, 
and, at each step of this construction, which unambiguously defines 
the signatures of the higher dimensional Clifford algebras, observe 
which are the equations of motion whose geometry is contained in the 
Cartan's equation defining spinors, if interpreted in momentum space. 

The main motivation of this approach is not only economy; that is 
to introduce, in the attempts of theoretical explanations, only actually 
observed geometrical objects that is spinors, representing fermions. 
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(the bosons may be notoriously expressed, bilinearly, in terms of spi- 
nors), but rather to hterally adhere to the hypothesis of E. Cartan [P 
who conjectured that the fundamental geometry appropriate for the 
description and understanding of elementary natural phenomena is 
spinor geometry, more precisely the geometry of simple spinors, later 
named pure by C. Chevalley |^], rather than the one of euclidean 
vectors which may be constructed bilinearly from spinors. 

After a short review on the properties of simple or pure spinors in 
Chapter m, we will start by considering the elementary case of two com- 
ponent Pauli spinors associated with 3-dimensional euclidean space 
and show how we may obtain from their Clifford algebra both the 
signature of space-time and Weyl and Maxwell's equations (Chapter 
HI), in momentum space. 

We will then study in Chapter |^ the problem of imbedding spinor 
spaces and null vector spaces in higher dimensional ones, and we will 
show how it may be easily solved, in the case of simple or pure spinors, 
with the use of two propositions. In Chapter |^ we will deal with four 
component spinors and with the Dirac equation for massive fermions 
and the Cartan's equation for Weyl spinors or twistors. 

We will show then that the minimal Clifford algebra to contain 
simple Weyl spinors isomorphic to doublets of Dirac spinors is 0(7, 1) 
or C£{1,7) associated with eight dimensional vector spaces and how 
from this both the equation for the nucleon doublet interacting with 
the pseudoscalar pion isovector may be naturally obtained, in which 
the pion is bilinearly expressed in terms of the spinors of the nucleon 
doublet (section |6.1D , and also the geometrical skeleton of the Salam- 
Weinberg model of electroweak interactions (section |6.2D ; all this in 
momentum space. 

We will then show, in section 6.3, how the equations for fermion 
doublets naturally present an U{1) symmetry, for one of the fermions 
of the doublet, interpretable as charge, which may be correlated with 
non equivalent spinor structures in conformal-like theories and furnish 
then a geometrical explanation of the existence of charged - neutral 
fermion doublets like electron-neutrino, proton-neutron, etc. 

These equations, which historically have been proposed ad hoc for 
the description of the mentioned phenomena, here seem to have a 
unique geometrical origin in spinor geometry. They are however to 
be interpreted in momentum space, thus supporting the conjecture, 
formulated some time ago, that it is momentum space the appropriate 
space for the geometrical formulation of quantum mechanics (in first 
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quantization) Q . And if we follow the suggestion of Cartan to privi- 
lege simple or pure spinors, that is maximal totally null planes laying 
in Klein quadrics, these momentum spaces are compact, thus a priori 
eliminating the severe difficulty of ultraviolet divergences. 

The internal symmetry (SU{2) in the mentioned case) that thus 
arises appears to be generated, in flat spaces, by discrete groups of 
reflection operators, of the conformal group. Through reflections the 
heuristic approach above can be derived from the hypothesis of the 
fundamental role of conformal covariance which could impose the com- 
pact structure of phase space where space-time and momentum space 
appear as conjugate with respect to conformal reflections (Chapter]^. 

16-component spinors will be studied in Chapter 8 where a new 
[/(l)-charge appears for one of the fermion doublets, which, if inter- 
preted as strong charge, suggests the interpretation of the multiplet 
as baryon-lepton quadruplet. 

In Chapter 9 we will study 32-component spinors associated with 
the algebra C^(l,9) where the "construction" finds a natural end, 
since after that, due to the periodicity theorem, the sequence will be 
repeated. 

In Chapter 10 we will discuss the problem of dimensional reduction 
from C^(l,9) which will simply consist in reversing the steps of the 
"construction", with the use of projector operators in spinor space. 
There are 3-1-1 of them corresponding to the dimensions of quaternion- 
space which, as shown in Chapter 11, section 11.3, might explain 
the geometrical origin of the "families". In Chapter 12 the octonion 
formalism is introduced in the frame of C^(l,9) to show that it may 
give rise to several SU{3) internal symmetry subgroups of G2 in the 
equations of the baryon multiplet. Further geometrical aspects are 
mentioned in Chapter 13, among these simplicity constraints in section 
13.1. 

The present approach, rather than alternative to the now pre- 
vailing approach based on strings, could be compatible with it, since 
strings may be be formulated as integrals of null-vectors which are no- 
toriously the characteristic transition elements (bilinear) from spinor 
to euclidean geometry. Spinors then could be at the origin of strings 
insofar these could merely represent the intermediate stage between 
spinor- and euclidean-geometry as mentioned in section 13.2. 
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2 SIMPLE- OR PURE-SPINOR GE- 
OMETRY 

The geometry of simple or pure spinors was discovered by E. Cartan. 
He formulated the basic axioms and theorems which, for what concerns 
us, may be summarized Q as follows. 

Given a 2n-dimensional complex space W = C^"" and the cor- 
responding central simple Clifford algebra C£(2n) with generators 
7a, (a = l,...,2n), obeying {7a, Tb} = {-'i-T^^'^^ab, a spinor <j) is 
a vector of the complex 2" dimensional representation space S of 
0(2n) = Ends, defined by 

^a7> = (2.1) 

where Za are the orthonormal components of a vector z E W. This 
vector is null since, for 7^ 0, eq. ( |2.lD defines the Klein quadric 
QCW: 

Q: Zaz'' = (2.2) 
For fixed 0, all z G satisfying ([2J]) and (|2l2D define a totally 



null plane r(0) C W, whose vectors are both null and mutually or- 
thogonal. 

Let 72n+i = 71 '72 ■ ■ ■ 72n represent the volume element (normalized 
to 1) of a{2n), then the spinors 0+, obeying 

I2n+l4>± = ±(P± (2.3) 



are named Weyl spinors and for them the defining equation (|2.l| ) be- 
comes 

Za7"(l±72n+i)</>± = (2.4) 

A Weyl spinor (j)^ or (p^ is named simple or pure if the associated 
totally null plane T{(f)±) is n-dimensional, that is, maximal and we 
will write T{(j)±) = M{<j)±). For n ^ 3 all Weyl spinors (/)+, </)_ are 
simple. 

The 2"~^ dimensional spaces 5+ and S- of Weyl spinors are en- 
domorphism spaces of the even Clifford subalgebra Cio{2n) of C£{2n) 
that is: 

Oo(2n) = End5±. (2.5) 
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We have further: 

(j) = e (/)- , S = S+®S-. (2.6) 

and 0(2n) = 2C4(2n). 

These definitions may easily be extended also to odd dimensional 
spaces, in fact, since the volume element ^2n+i, for every 7^, obey to: 

{7a,72n+l} = 26a,2n+l, 1 < O < 2n We have that 71, 72, ... J2n, 72n+l 

generate the Clifford algebra 0(2n + 1) of the complex vector space 
W = C^"'"'"^ and there is the isomorphism Q: 

Oo(2n + 1) ~ 0(2n) (2.7) 

both being simple. The corresponding 2" component spinors are called 
Pauli spinors: (j)p, for ao{2n + 1) and Dirac spinors: (pD for C£(2n). 
Ci{2n + 1) instead is not simple and there is the isomorphism [4]: 

0(2n + 1) ~ Oo (2n + 2) (^) 

For embedding spinors in higher dimensional spinors we may then 
use eqs. (^, (^, and (2.7'): 

0(2n) ~ C4(2n + 1) C£{2n + 1) ~ 

~ Oo(2n + 2) Ce{2n + 2)... 

corresponding to the spinor embeddings: 

which means that a 2" components Dirac spinors may be considered 
equivalent to a doublet of 2"~^ components Weyl,Pauli or Dirac sp- 
inors. For simple spinors, these embeddings will correspond to em- 
beddings of Klein quadric in higher dimensional ones which, when 
restricted to the real and projective quadrics, will correspond to the 
embedding of compact manifolds in higher dimensional compact man- 
ifolds. 

The vectors (and tensors) of the manifolds, to be interpreted as 
vector spaces of physics, will result bilinearly expressed in terms of 
spinors, therefore we need to define inner products in spinor spaces. 
This is easily done through the main anti-automorphism of the simple 
Clifford algebras C£{2n) or C£Q{2n + 1) which defines an isomorphism 
B : S ^ S* where S* is the dual spinor space of S such that 

Bja = 7a-B and = c/j^B £ S* (2.8) 
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where 7* and 0* mean 7^ and (f) transposed, respectively. 

If '0 is another spinor of S we have then the invariant (for the Pin 
group) scalar product: 

In the case of real vector spaces, of interest for physics, we will also 
need to define the conjugation operator C such that 

C-fa = laC and 4>' = C4> (2.9) 

where % and mean 7^ and (f) complex conjugate, respectively. 

Another useful definition of simple spinors may be obtained thro- 
ugh the formula 

n 

<f>(^ BiIj = ^Fj (2.10) 

j=0 

where 4>,ip (z S are spinors of Ci{2n) = EndS and 

Fj = [7a,la,---7a,]T'^''''-^^ (EH) 

where the 7^ products are antisymmetrized and J"^i'i2---ai anti- 
symmetric j-tensor of C^", which can be expressed bilinear ly in terms 
of the spinors (p and ^ as follows: 

Ta,a2...a, = ^{B^f^, [7ai7a2 ' ' ' 7a,]</') (2.11) 

Setting now ■0 = (/>, in eq. ( ^.lOf ) we have that (f) is simple if and only 
if 

Fo = 0, Fi = 0, F2 = 0,...,F„„i = (2.12) 

while F„ / and eq. ( ^lo|) becomes: 

(t)®B(l) = Fn (2.13) 

and the n-tensor F„ represents the maximal totally null plane of W 
equivalent, up to a sign, to the simple spinor cj). Equations (2.12) 
represent then the constraint equations for a spinor to be a simple 
or pure spinor associated with W . 

Eq. ( |2.13D represents then the correspondence of simple or pure 
spinor directions with maximal totally null planes sometimes called 
"the Cartan map". 
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The equivalence of this definition with the one deriving from eq. 
|2.1| ), given by Cartan, is easily obtained if we multiply eq. ( 2.10| ) on 



the left by 7^ and on the right by 7a<^ and sum over a, obtaining 

7a0 ^V^tV = Za7> (2.14) 

where 

Za = {Bip, 7a(/)) 

which, provided (p is simple or pure , for arbitrary tp, satisfy 

^a7> = 0. 

and Za are the components of a null vector of W, belonging to Fn. 
This result may be formulated as follows: 

Proposition 1. Given a complex space W = C^" with its Clifford alge- 
bra 0(2n), with generators 7^, let ^p and 4> represent two spinors of 
the endomorphism spinor-space of C£{2n) and of its even subalgebra 
C£o(2?T-), respectively. Then, the vector z £ W, with components: 

Za = {B^,7acl>y, a = l,2,...2n (2.15) 

is null if and only if (/> is a simple or pure spinor. For fixed (p simple 
or pure, and arbitrary tp all vectors of the maximal, totally null plane 
M{(p) in W ^ are so obtained. The proof is given in reference [6]. 

The above formalism may be easily restricted to the real, sim- 
ply substituting the complex space W = C^" with the real neutral 
pseudo-euclidean space V = M""'"". The corresponding Clifford algebra 
Ci{n,n) is generated by the generators 7a, satisfying: 

{la,lb} = i-ir^' 26ab (2.16) 

and, in the previous computations the complex components Za of the 
vector z & W have to be substituted by real ones pa oi p € V, and in 
eqs. (|1|), ([2Tll ), (|1|) and @, Bcp and Bip have to be substituted 



by B(p'^ and Bip'^, respectively. 

The same formalism may be also extended [^] to real pseudo- 
euclidean spaces M = M"+i'"~i which, for n = 2, identifies with 
Minkowski space-time and, for n > 2, represents its conformal ex- 
tensions, as well as of its Fourier dual momentum space. In this case 
Za are real (or imaginary) only for n even, that is for C^(3, 1), Ci{5, 3), 
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C£(7, 5) etc. (while they are complex for n odd, that is for C^(4, 2), 
C£{6,A) etc.) 

In fact in this case, of interest for physics we have: 

Corollary 1. Let 0(n+l,n — 1) = EndS, the vectors with components 

zt = {Br,laCp^) (2.17) 

where ip is an arbitrary spinor of S, are null iff (p^ are simple Weyl 
spinors of S. For ip = (p^ and n even = are real (or imaginary), 
for n odd are complex such that = ±Za~ ■ 

It is seen that eq. (2.17) is a particular case of eq. (2.15). In 
reference Q , it is also shown that real vectors are obtained in the case 
of Lorentzian signature: C£(2n — 1, 1). 

For n even then, pa given by ( p. 171) define the Klein quadric Q 
given by eq. ( |2.2| ) where Za is substituted by pa, inV = M"'''"-'^'"^^. 

It is easily seen that the corresponding projective quadric PQ de- 
fine the following compact manifold PQ in M"+^'"^^: 

on ^ en— 2 

PQ = ^ 7 . (2.18) 

where Z2 = [+1, —1] means that the antipodal points of PQ are to be 
identified. 

We have now listed the main geometrical instruments of simple 
or pure spinor geometry useful in order to proceed with the program 
of imbedding spinor spaces in higher dimensional spinor spaces and 
to explore which geometrical objects of possible physical meaning we 
might obtain through this procedure. 

We will start with the simplest non trivial case of two component 
spinors and then proceed to higher ones and we will see that we will 
obtain, together with Maxwell's equations also most of the elemen- 
tary equations of fermion physics in momentum space known to us, 
and nothing else. In other words it appears that every one of the 
geometrical structures potentially contained in simple or pure spinor 
geometry are realized in some elementary law of physics supporting 
thus the Cartan's conjecture of the fundamental role of simple spi- 
nor geometry not only for euclidean geometry but also for physics of 
fermions the most elementary constituents of matter, whose equations 
of motion already contain some of the geometrical elements of quan- 
tum physics (in first quantization: the non-relativistic limit of Dirac 
equation is Schrodinger equation, up to the definition of the Plank's 
constant). 
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3 FROM TWO TO FOUR COMPO- 
NENT SPINORS. 



3.1 THE SIGNATURE OF SPACE- TIME 
AND WEYL EQUATIONS FOR MASSLESS 
NEUTRINOS 

Let us start from W = C'^, the generators ui, cr2, CT3 of its Clifford 
algebra C^(3) = EndS", are Pauli matrices and its Pauli spinors ip = 

f I £ S are simple.Fl In fact we have B = —iao = ( ? „^ I and 

eq. ( ^.13 ) becomes: 



\(piipi -ipo^lj \Zi+tZ2 -Zs J 

since Fq = {Bip,ip) = 0. Furthermore, since ^{Bip,ajip) = Zj (com- 
pare the two matrices), following from eq. (|3.1| ), equation: 

+ z| + z| = (3.2) 

is identically satisfied as may be immediately seen from the determi- 
nant of the matrices in eq. (3.1). Also the Cartan's equation: 



Zja^ip = (3.3) 

is identically satisfied, (as may be immediately seen if we act with the 
first term of eq. ( ^.1| ) on ip) . 

If ^ € S is another spinor we have, from eq.(2.10): 

V^oV'i -V^oV'oA _ ^ J, , , _ ( ZQ + z^ zi-iz2 

] = if® Bl^ = Zo + ZjGj = 
ipYlpX -'Pl'lpoj \Zi + lZ2 ZQ-Z^i 

(3.4) 



^Because of the isomorphism Ci?o(3) — C^(2) the two components spinors may be 
also conceived as a Dirac spinor associated with V = €? , which however may not be 
simple: in fact {Btp, astp) ^ 0. In general only Pauli or Weyl spinors may be simple, Dirac 
ones may not (unless they are conceived as isomorphic to Pauli or Weyl spinors in force 
of the isomorphisms (2.7), (2.7')). This is presumably the reason why in the introduction 
of spinor geometry Cartan preferred odd dimensional spaces, in particular C'^, to even 
dimensional ones. 
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and zq = 2{B'ip,(p), Zj = ^{B^'^'^jf) deriving from it, satisfy identi- 
cally the equation (as may be immediately seen from the determinant 
of the matrices): 

zl + zl + zl- zl = Q (3.5) 

which uniquely determines the signature of Minkowski space-time. In 
fact the above may be easily restricted to the real by substituting Bil) 
with B(f)'^ = (j)^ by which zqj Zj become po, pj real: 

Po = ^{f\f); Pj = ^{f'',crjf) (3.6) 
satisfying identically to: 

pI+pI+pI-pI = (3.7) 

a null vector or light ray of Minkowski space M^'^. In this case then 
exploiting the Clifford algebras isomorphism 

0(3)~C4(3,1) (3.8) 

ip may be interpreted as a simple Weyl spinor of S where Cio{3, 1) = 
End5±; and there are two of them: 99+, ip^ satisfying the equations 

{p-a +po)ip+ = {p- a - po)ip- =0 (3.9) 

These equations, and the ones in the following sections, may be in- 
terpreted as field equations if we define the Clifford algebras as fibers 
over momentum basis. For po = eqs. ( p.S|) identify with eq. ( |3.3D 
and, in agreement with the isomorphism ( |2.7D the Weyl spinors ip± 
associated with C£o(3, 1) identify with the Pauli spinor ip associated 
with C£o(3), apt to represent a fermion spin in non relativistic phe- 
nomena. 

Eqs. (3.9) may be expressed as a single equation for the four com- 
ponent Dirac space-time spinor tp = ip^ © ip- . In fact indicating with 

7a* = {70; 71, 72, 73} := {-icr2 «) l;cri (g) aj} ; j = 1,2,3 

the generators of Ci{3, 1) and with 75 = —^7071 7273 = era 1 the 
volume element, we may write ( p.9p in the form 

p±7^(l± 75)^^ = (H) 
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where ^ (1 ±75) represent the chiral projectors. These equations are 
the Weyl equations for massless neutrinos in momentum space. The 
null vectors may be expressed in the form: 



(3.10) 



where ip = V'^To- 

The space-time Weyl spinors 



1 



(1±75)V 



(3.11) 



represent massless neutrinos, eigenstates of 75. 

For future use let us now compute the components of their intrinsic 
angular momentum (in units of ^) with respect to the z-axis in space; 
which is represented by ids, therefore, since 



/+1 



(75 + 1 <^ 0-3) 



-1/ 



it will be ±1 for ip±. 

^From eq. (3.9') we may also easily obtain Maxwell's equations in 
momentum space. 



3.2 MAXWELL'S EQUATIONS 

The Weyl space-time spinor ifj^ is simple and therefore with it eq. 
(2.13) becomes: 



99+®i?^+ = ^Ff [7^, 7,] (1 + 75) 



(3.12) 



where the antisymmetric tensor may be expressed bilinearly in 
terms of spinors through eq. ( p.ll| ): 



= v:; [7^7^(1 +75) V'. 



(3.13) 



and, as already observed by E. Cartan [|l|, it has the geometrical 
properties of the electromagnetic tensor. Now from Weyl equation 



PpjPip^ = we obtain from ( 3.12 ): 

Pp^K" [7,.,7.](l+75)=0 



(3.14) 
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and since 



it becomes 

PpFfT. = (3.15) 

which is the image in Ci{3, 1) of the Maxwell's equation (in vacuum) 
for the self dual electromagnetic tensor in momentum space M^'^: 

PpFf = 0- (3-16) 

It is easily seen that if we start from the left-handed Weyl spinor 
we obtain the other equation: 

e^'^^PpF-, = (3.17) 

Also the Maxwell's equations in presence of electromagnetic sources 
may be easily obtained from simple spinor geometry |^. 

Observe that from eq. ( ^.131) it appears that the electromagnetic 
tensor F^i, is bilinearly expressed in terms of the Weyl spinors and 

obeying the equation of motion eq. (3.9') of massless neutrinos. 
This however does not imply that in the quantized theory the photon 
must be conceived as a bound state of neutrinos. In fact it is known 
that the neutrino theory of light, while violating both gauge invariance 
and statistics, is unacceptable [8]. 



4 IMBEDDING SPINOR SPACES 
AND NULL- VECTOR SPACES IN 
HIGHER DIMENSIONAL ONES 

We have seen how two component spinors (p = (^^^ may be inter- 
preted as Pauli spinors of C^(3) or, as Weyl spinors of C^o(3, 1). For 
these the Cartan's equations identify with Weyl equations for mass- 
less fermions or neutrinos and give rise to Maxwell's equations, both 
in momentum space. In order to proceed with our constructive pro- 
gram we have now first to imbed two-component spinor spaces in four 
component ones and then in eight component ones and so on; and 
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at each step analyze which are the corresponding ChfFord algebras 
together with Cartan's equations to sec if they may represent some 
further elementary laws of physical phenomena. 

At first sight this program might appear of difficult realization 
since null vectors are "squares" of spinors and it might appear diffi- 
cult to obtain from sums of spinors sums of vectors necessary for the 
imbedding of null spaces in higher dimensional ones. Instead the pro- 
gram is simple if we adopt Proposition 1 and exploit the properties of 
simple or pure spinors. 

In fact let us consider Ci{2n) = EndS* and ipjcj) € 5*, then, for 
arbitrary and (p± = 1/2 (1 it 72^+1) (p simple, the vectors & W 
with components 

z± = (5^^,7,(1 ±72n+i )</>), a = l,2,...,2n (4.1) 

are of the form (2.15) and therefore are null: 

z±4 = 0. (4.2) 

Let us sum them and we obtain: 

z+ + z- = Za = {B^,ja<l}) , a = l,2,...,2n, (4.3) 

where (j) = (^+©(^_ G S, while ip± G S± where C£o{2n) = End-S^ and 
therefore: 

S = S+(BS-. (4.4) 

This means that starting from two simple spinor spaces we operated 
the most obvious operation: their direct sum spanned by spinors of 
double dimension. Let us now examine the corresponding operation 
in the vector space W; it is represented by eq.(4.3), defining the Za, 
they are, in general, the components of a non null vector of C^": 

^a^" ^ . (4.5) 

However, (f) = ip^ © ip_ is a 2" component spinor and as such it could 
represent a simple spinor of Ci'o(2^^ + 2). Let us in fact take for the 
generators Fa {A = 1, 2, . . . , 2n + 2) of C£{2n + 2) the Cartan basis 
(by which we mean that the corresponding Dirac spinor is a direct 
sum of Weyl spinors) : 

r • F f ^ r f ^ 72n+A 
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and the volume element: 

r2n+3 = TiFa • • • r2„+2 = ( J (4.7) 

Then if $ is a 2"'^^ component Dirac spinor of C£(2n + 2) it has, in 
the Cartan basis, the form: 




where the 2" component Weyl spinors are given by 

</.'± = ^ (1 ± r2„+3) i> (4.9) 

Suppose they are simple, then the vectors Z± € C^""*"^ with com- 
ponents: 

z± = (5^'rA(i±r2„+3)$), (4.10) 

with ^ arbitrary spinor, are of the form (2.15) and will be null: 

Z^±Z^± = 0; A = 1,2, ... ,2n + 2 (4.11) 
It is easy to see that in the Cartan-basis ( [4. 6]) Zj^ are expressed by 
Zt = m.la^±)\ a = l,2,...,2n 

^21^+1 = (i?V',72n+l(/'±) (4.12) 
^21^+2 = (i3V',±ln</'±) 

If we now identify the 2" component simple spinor of C£o(2n + 
2), say (/)'_^, with the Dirac spinor (/> of C£(2n) appearing in eq. ( [4. 3D 
(which is possible because of the isomorphism Ci{2n) ~ C£o(2n+l) ^ 
2C£o(2n + 1) = Ce{2n + 1) ~ C4(2n + 2)) we have that the non null 
vector Z € C^" with components Za = z'^ + z^ given by (|4.3|) is a 
projection in C^" of a null vector of C^"^^ whose two extra components 
are 

Z2n+1 = {Bip, 'y2n+l(p) ] ^2n+2 = {B^J , ±ln(j)) (4.13) 

provided 4> may be considered as a simple spinor of C£o{2n + 2), and 
we have the proposition 
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Proposition 2. Given two simple spinors ip± of C(lQ{2n) and the corre- 
sponding null vectors z± € C^" with components 

Za^ = {B^,la^±) (4.14) 

their sum 

zt =Za = {Bi;,^a4>). (4.15) 

where (/> = © is a projection on C^" of a null vector Z G c2n+2 
which is obtained by adding to Za the two extra components 

Z2„+l = (B^, 72n+l'/') ^2n+2 = {B^, ±0) (4.16) 

provided (f) satisfies the conditions of simplicity as a Weyl spinor of 
C4(2n + 2). 

In this way we see that to the direct sum of simple or pure spinor 
spaces, giving rise to a higher dimensional simple spinor space: 

S+®S- = S, (4.17) 

where C^o(2?^) = EndS^ and C£(2n + 2) = EndS", there correspond 
the sum of null vectors giving rise to a higher dimensional null vector: 

z-^ + z'^Z (4.18) 

where z^ G C^" and Z G C^""*"^; and we have an instrument for imbed- 
ding spinor spaces in higher dimensional spinor spaces and correspond- 
ingly null vector-spaces in higher dimensional null vector spaces. 

The above may be easily restricted to the real spaces, of interest for 
physics, in which case the projective null quadric represent compact 
manifolds of the type ( p. 18 ) or generalizations of them, and then to the 



direct sums 5"+ © 5_ = 5 of simple spinor spaces there will correspond 
the embedding of compact manifolds into compact ones, increasing 
at each step the dimension by two. It is interesting to note that for 
real spaces the signature of the two extra dimensions will be uniquely 
determined by Proposition 2, since ZaZ^ = is an identity when Za 
are bilinear ly expressed in terms of spinors ifj and ip. In particular 
we adopted it in our constructive approach of spinor spaces, when 
starting from two component spinors we constructed four component 
spinors and also the corresponding real, pseudo euclidean vector space, 
obtained after substituting Bip with Btp'^ = (p^ in eq. (3.4) and ob- 
taining eq. (3.6), with Lorentzian signature unambiguously defined. 
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Proposition 2 remains valid also for and Z real with the only 
difference that now in eq.(4.16) Z2n+i and Z2n+2 have to be substi- 
tuted with the real P^n+i = {B(p'','y2n+i<P) and P2n+2 = {B(j)'',±i(j)) , 
respectively, and the signature of the 2n + 2 space is unambiguously 
defined to remain Lorentzian. 

This "construction" is the simplest and the most natural one since 
strictly correlated with the geometry of simple or pure spinors. Fur- 
thermore, it generalizes well established practice with Dirac spinors: 
each of them is the direct sum of two Weyl two component spinors 
which are simple spinors of four dimensional space-time. However, 
the four component Dirac spinor, being direct sum of them, may only 
be considered simple insofar isomorphic to a Weyl spinor of a six di- 
mensional space. Our "construction" simply consists in extending this 
natural and well known practice to higher dimensional spaces. 

5 FROM FOUR TO EIGHT COM- 
PONENT SPINORS 

Let us now sum the two null vectors of M'^'^ defined by eq. (|3.10D : 
=?'m = = 0,1,2,3 (5.1) 

p^, because of Proposition 2, are the projection on R^'^ of a null vec- 
tor of a six dimensional pseudo-euclidean space, of definite signature, 
obtained by adding to the 4 real components the following and 
Pq, both real: 

P5 = V'TsV' P6 = ^i'^ (|5lf ) 

where, as easily verified, pa {a = 0, 1, 2, 3, 5, 6) are real and they iden- 
tically satisfy the equation 

Pi+Pl+Pl-Pl+Pl+Pl = ^ (5.2) 

that is they build up a null vector in R^'^ and their direction define 
the projective Klein quadric equivalent to S^. It may be easily shown 
that the pa may be expressed in the following form: 

= i'tror„(i + r7)^' a = i,...,6. (5.3) 

where F^, of the form (4.6), with = (T2 ® 1, are the generators 
of 0(5,1) (or of 0(4,2) if Fg is substituted with iFg), and ^ an 



17 



associated eight component spinor. With pa we may generate the 
Cartan's equation: 

(PmT'' + P575 + ipe) V' = (5.4) 
which, for ^p Majorana, since pq = 0, reduces to: 

{Pf.l'" + 75P5) V' = (5.5) 

where 

P^.P^ = -pI (EI) 

and may therefore give origin to the Dirac equation in momentum 
space R^'^. Obviously there wih be another such equation for the 
projector (1 — r7). 

Observe that eq. (5.5) may be also directly obtained from the ex- 
tension of Cartan's eq. (2.1) for Dirac spinors associated with C£(3, 1) 
to spinors associated with C£o(4, 1); which is allowed due to isomor- 
phism of simple algebras (2.7'). As such \s a. Pauli spinor. 

We may now also consider the Clifford algebra C^(4, 2) = EndS" 
corresponding to M^'^, the conformal extension of space-time, with 
generators 

ro,ri,r2,r3,r5,r6 (5.6) 

and volume element T-j = — irorir2r3r5r6. Its simple Weyl spinors 
vr^. , 7r_ , defined by 

7r± = i(l±r7)* (5.7) 

where ^' G 5, are vectors of spinor spaces S± such that Oo(4, 2) = 
EndSi, and obey the Cartan's equation 

{l±Tj)^ = {) a = l,2, ...,6 (5.8) 

where 

^,± = i(i?*^^,i(l±^7)^) (5.9) 

and B^'^ = ^-^rorg. 

Because of Proposition 1 they are complex (n = 3) and precisely 

Za+ = -Z- (5.10) 
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and therefore eq. (^|^) may not have immediate physical interpreta- 
tion as real vectors in momentum space; they could instead represent 
charged currents and as such explain the geometrical origin of the 
electro-weak model as it will be shown in section 6.2. The Weyl simple 
spinors vr^ defined by ( ^.7| ), associated with R^'^ were named twistors 
by R. Penrose |p, and have had several interesting applications in 
mathematics and general relativity. 

6 EIGHT COMPONENT SPINORS 
6.1 THE NUCLEON DOUBLET 

Let us consider the real null vectors given by the generalization of 
eq. (O): 

Pa^ = N^rorail±rr)N a=l,...,6. 

where is an eight component Dirac spinor of Ci{5, 1) and let us sum 
them: 

^ (Pa+ + Pa~) =Pa = N^ToTaN. (6.1) 

Then, because of Proposition 2, together with the components 
Pj = N^rQTjN and pg, = N^TqIN they build up, for simple spinor 
of C£o(7, 1), a real null vector P G R"^'^ with components: 

Pa = N^ToTaN with TA = {Ta,Tr,-i} A = l,...,8. (6.2) 

In fact if the spinor is in the Dirac basis (by which we mean that 
N is the direct sum of two Dirac spinors which is allowed because of 
the isomorphisms ( |2.7D and (2.7')) 



N 



^1 

tp2 



where V'j are Dirac spinors of C£(3, 1), Ta have the form:[] 



^The spinors ipi, 4'2 in the N doublet may be either Weyl spinors of the automorphism 
space of C^o(5, 1), or Pauli of C€(4, 1) or Dirac of C£(3, 1). Correspondingly, either = 
ci 7^ or (72 ® 7,i for Weyl, or = 0-3 (g) 7^ for Pauli, or F^ = 1 ® 7^ for Dirac. These 
are then 3 + 1 independent representations corresponding to the four dimensional space of 
quaternions. 
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and it may be easily verified that, in accordance with Proposition 2, 
Pa given by (6.2) satisfies to: 

P^^P^ +pI+pI+P7+pI = ^- (6.4) 

The Cartan's equation for N , taking into account of (6.2) and of 
(6.3) is: 

(p^ • 1 (g) 7^ + vf • (T (g) 75 + iM) TV = (6.5) 
where, according to eq. (6.2): 

P^l = ^(V'iTmV'i + ^27mV'2); vf = ^Na (g) -f^N; = (^'i/'iV'i + i'2'4^2j 

(6.6) 

where: 

N = (Vii ^2) ■ 

Eq. (6.5) represents the weh-known proton-neutron equation when 
interacting with the pseudo-scalar pion isovector in momentum space, 
and with (6.6), eq. (6.5) is an identity. Observe that the pseudoscalar 
nature of the pion derives from imposition that iV is a doublet of Dirac 
spinors which, in turn, imposes the representation (6.3) of Ta where 
75 must be contained in Fs, Fg, T^ (in order to anticommute with F^). 
Again the pion field vf appears here as bilinearly expressed in terms 
of the proton-neutron field. However this does not imply that in the 
quantized theory the pion should be considered as a bound state of 
proton- neutron. 

Observe that from eq. (6.6) we have: p^ = \ ^V'lT/^V'i + V'27/x'02^ 
which could then be interpreted as total momentum of the nucleon 
doublet (in absence of pions) and as such represent the translation 
operator giving rise to Poincare translations and to space-time M^'^, 
while p5, pq, pj are extra momenta which represent interaction terms 
and, in principle, do not need the corresponding dimensions in con- 
figuration space. Momentum space is here compact and represented 
by the projective quadric (|6^); that is 5^/Z2, whose radius, in the 
physical interpretation may be identified with a mass. We will see in 
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Chapter 13 that in eq. (6.5) the mass term M has to be set to zero if 
to the simphcity or pureness constraint is imposed. 

The term vf •£7 075 presents the so-called isospin internal symmetry 
SU{2) of the nucleon doublet which, in view of the above geometrical 
derivation deserves further comments. We will deal with them in 
section 0. 

6.2 THE ELECTROWEAK MODEL 

With eight component spinors we may bilinearly obtain two more real 
null vectors in eight dimensional spaces. In fact as a consequence of 
Corollary 1, for n = 4, the vectors € M.^'^ are real and null. Its 
real components are [4]: 

Ka^ = {e^GoGeGsGA{l±Gg)@), A = 0, 1, 2, 3, 5, 6, 7, 8 (6.7) 

where Ga are the generators of C£{5, 3) = Ends', E and we 
suppose that the eight component spinors: 

^'± = ^(l±G9)e (6.8) 

are simple Weyl spinors (subject to one constraint equation). 

If we take Ga in the Cartan basis, eq. ( |6.7| ) may be expressed in 
the form: 

Ka^ = -hiToTGT7TA^± (6.9) 

o 

where 

rA = {r„,r7,±i}, 

and are generators of C^(4, 2). 

The corresponding Cartan's equations are: 

KA^GA{l±Gg)e = 0. (6.10) 

These equations, as well as equation (6.5), might also have physical 
meaning. To obtain it let us first observe that the components of 
the null vector G M^'^ may be also obtained from Proposition 2. 
In fact let us start from the six dimensional complex null vectors with 
components given by ( ^.91 ) if we subtract them: 

Za'^ - Za' = Za'^ + Za = Ka (6.11) 
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we obtain a real six component vector of M^'^ which identifies with the 



first six components of Ka given by eq. (O), in fact it is easily seen 
that: 

Ka = -l^^ToTsTrVa^ a = 0, 1, 2, 3, 5, 6 (6.12) 

o 

that is the first six components of Ka^, for ^ = ^'4., say: simple 
spinor of C£{5, 3). 

The main difference between the null vectors pA of the previous 
section and the Ka of this one is that while pa are sums of real vectors 
(see eq. (6.1)) bilinear in Dirac spinor, the Ka are sums of complex 
vectors (see eq. (6.11)), bilinear in twistors. Therefore their four com- 
ponent space-time vectors may represent neutral and charged currents 
respectively which may constitute the basic ingredient of the Salam- 
Weinberg electroweak model, as we will see. 

Let us first write the Cartan's equation with Ka- 

{K^T^' + KsT^ - KeF^ + KjT^ + Ks) (^^+^ = (6.13) 



7r_ 



where we set = I I and by construction tt± are Weyl spinors 



of C^o(4, 2) or twistors, and therefore the Tq are in the Cartan basis 
( |4.6| ) and we may write eq. ( |6.13D in matrix form as follows: 

K^Y + K^I^-Kq -Kt + Ks JV-J 

Observe that the first six components of Ka are given by ( ^.9]) where: 

Za^ = U>^T^T^Ta\ (1 ± Tr) f E M (7r±) 

and -7r± obey the Cartan's equations: 

{z+^^ + 475 - 4) ^+ = (z+7^ + 475 + 4) ^- = • 

(6.14) 

Therefore expressing the Ka in (6.13')) as Za^ + 4 taking into 
account of ( |6.14| ) we arrive at: 

( i7r+7r+ i (2:^7''^ + 2:575 + zq)\ f 7r+ 



(|6l3[ 
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ha, , 










= 


ha, , 










= 




5 1^- 



where the + superscript for was suppressed and it was taken into 
account that 

z z 

K7 = -{7^+7^+ - TT-TT-) Ks = -{TT+TT+ + 7r-TT_) (6.15) 

Let us express the complex six-vector Za in the form 

z^ = A'-^^ - iA^^\ Z5 = 7ri-iiT2, ze = S2 - isi (6.16) 

(i) 

where A), real. Then taking into account that 

Za = ^7f+7a7r_ (6.17) 

we easily arrive at: 



i = l,2 (6.18) 



where ^' = (-7r+^7o -7r_^7o). 

Setting these in eq. (6.13")) we easily arrive at: 

^ {Aj^aj 07/^ + TT^a, 75 + s^(Tj 1) + m| (^^+^ = flf") 

where 

We can now go back to the real null vector defined by (6.1) which 

defines the Cartan's equation (6.5) for the spinor = (^,], where 

now ipi, ^p2 are Dirac spinor of 0(3, 1). Following the same procedure 
as above we arrive at: 

[{p^l + A^as) 7^ + ^ • ^ O 75 + Ml] iV = (6.20) 

where 

1 / ~ ~ \ 3 1 ~ 

= Ye + ^•2lfii^2 j A^ = -Na3 7^iV 
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and Ml is given by eq.( |6.19| ) where ipi, ip2 substitute 7r+, 7r_. 

Now observe that we obtained eq.(6.5), for N in the frame of our 
programme of constructing fermion multiplets, that is multiplets of 
Ci{3, 1) - Dirac spinors, where we exploited the isomorphism Cio{2n + 
2) ~ C£{2n + 1) and consequently obtained = ipD © ^D- With 
a similar construction we could also have obtained eq.(6.13) for ^ = 

) ; we had only to ignore that isomorphism and exploit just the 

last step of the construction: © ipy/ = ^ which means that 
and ^ may be correlated; and in fact define the chiral projectors: 



1 



1 



L = -(l+75); i?=-(l-75) 



We have that the unitary matrix 



U 



L R 
R L 



u- 



transforms ^' in and vice versa: 
UN 



7r+ 
7r_ 



(6.21) 



(6.22) 



(6.23) 















v-rJ 





We will indicate with ifjn, = Lipi and with = Ripi the left- 
handed and right-handed parts ipi,{i = 1,2) and the same for 7r±. 
We have then from (6.28): 



which means (since LR = 0) that 

L"^ = yij^ = LN = Nl (6.24) 

That is, the left-handed parts of ^ and of are identical. 

Suppose now that ipi = e and ^2 = i^L represent an electron 
and a left-handed massless neutrino respectively. Then let us act 
with R on eq. (6.13"') and sum it to (6.20) and, remembering that 
Rlfi = and that N = Nl + we obtain (after eliminating the 
pion interaction terms): 



+ {B^i^^ + T)eR = (6.25) 
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where t = si — is2- is an isotriplet and a singlet. This equation 
derives from a Lagrangian which, together with one for the vector 
fields A^j_ and i?^, may be assumed at the basis of the electroweak 
model. 

Observe that the Ajj^ component of A^ and representing neu- 
tral vectors is built up from the real vector and p)f^ while A^^^^ + 
iAjj, = representing changed vectors responsible of weak inter- 
actions are bilinearly constructed with twistors, which might have 
consequences of interest. 

It may be shown that if the triplet {eL,e.R,VL) = [gl, e1,i^L), 
where e'^ means charge conjugate of e, is subject to an SU{3) symme- 
try, then the mixing angle 9 of the model is fixed such that sin^ 9 = 
0.25. 



6.3 THE NEUTRAL-CHARGED FERMION 
DOUBLETS 

The possible geometrical origin of isospin symmetry SU{2) seen above, 
might also naturally explain the frequent appearance, in the elemen- 
tary particle landscape, of the charged-neutral fermion doublets like 
proton-neutron, electron-neutrino, muon-neutrino etc. 

Let us in fact write down explicitly eq. (6.5) in terms of the two 
Dirac spinors ipi and 1^2 of the doublet: 



(P/^Tm + P775 + m) V'l + 75 {P5 -ipe)'>p2 = , 
(P/^7m - P775 + m) V'2 + 75 (P5 + ip6)i^i = . 



(6.50 



Now all Pa are real, therefore defining 

P5 ± ipQ = pe^^^ (6.26) 
and multiplying the first eq. (6.5') by e* a' we obtain 



iPtilti + P775 + ips) e* 2 V"! + 75/0^^2 = . 
iPtilti - Pilh + ips) V'2 + 75/oe*^'i/'i = . 



(6.27) 



We see then that '^\)\ appears with a phase factor 2 corresponding to 
a rotation through an angle uj in the circle defined by 

p1^pI = P^ (6.28) 
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in the vector space of the Klein quadric defined by eq. (|6.4|), which 
in turn corresponds to an imaginary dilation in M^'^. In fact the 
corresponding transformation in spinor space is generated by the Lie 
algebra element 

^56 = ^[r5,r6]. (6.29) 

which is obtained from J^q in the SU (2, 2) covering the conformal 
group, after multiplying the generation Fg by the imaginary unit i. 

Observe that this complexification was intrinsic to the modality of 
our construction which brought us to C£(5, 1) which may be obtained 
by setting an imaginary unit factor i in front of the generator Fg of 
C£(4, 2) and which finally generated the SU{2) internal symmetry. In 
this way iFg may be interpreted as a generator of reflections with 
respect to the sixth (time-like) axis (see Chapter 7) for Ci{4,2). 

With this interpretation the dilation covariance of the complexified 
conformal group induced the U{1) group of symmetry represented by 
the phase factor in front of ■01 and not of ip2 (or vice- versa) . 

If we now translate this in the corresponding Fourier dual Minkowski 
space-time, since dilation covariance is local, we may consider the 
phase angle uj as coordinate dependent uj ^ to (x) and then to main- 
tain the covariance of eq. ( |637D we will have to introduce an abelian 



gauge potential interacting with ipi only and, as easily seen, the 
eq. (6.27) will become, in space-time M^'^: 



7/. 



+ 1(1- iFsFg) 



dXf, 2 



N 



(6.30) 



well representing the equation of the proton-neutron doublet interact- 
ing with the pion and with the electromagnetic potential A^^. 

Observe that the electric charge Q of the nucleon doublet N is 
then represented by: 

Q = I (1 - iFsFe) , (6.31) 

where —iT^Tq = a^^l, that is the third component of isospin gener- 
ator which, with the other two components ai^l and o"2 (8i 1 generate 
SU{2) isospin symmetry of nuclear forces. 

It is interesting to observe that, in the frame of the study of confor- 
mal covariance of spinor field theory, the existence of non equivalent 
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spinor structure for C^(4, 2) was pointed out by L. Dabrowski [^] and 
correlated with exotic spinors studied by Petri [^]. Here we see that 
they may be directly derived from Cartan's equations if interpreted 
as equations of motion in momentum space and that the local phase 
factor of the charged partner of the spinor doublet may be interpreted 
as the result of a complexified dilation. 

As we will see this might have interesting consequences also in 
higher dimensional spaces. 

Concluding this chapter we have seen that the minimal Clifford 
algebras to accommodate eight component spinors are the ones of 
eight dimensional pseudo-euclidean spaces M^''^ or M7'^ and they give 
rise to equations (6.5), (6.25) and (6.30) of physical significance in 
momentum space. 

Several more aspects should be further analyzed, among these the 
simplicity constraint for eight component simple or pure spinors and 
the role of triality, discovered by Cartan, which poses on equal footing 
the eight component spinors ^(1 =b Gg)@ and the null vectors, they 
will be outlined in Chapter 13. Furthermore it may be expected that 
octonion field of numbers might play a role, as shown in ref. In 
particular in the above derivation of eq. (6.25) the neutral vector 
given in eq. ( |6.20| ) identifies with equation representing neutral pion tt^ 
in eq.(|6l^) by substituting 7^ with 75. That is 

vrs = Al 

This could represent the starting point for an attempt of the unifica- 
tion of electroweak and strong interactions in a de Sitter (or anti-de- 
Sitter) symmetric theory, as will be discussed elsewhere. 

7 REFLECTIONS 

It is well known that if 7^ are the generators of a Clifford alge- 
bra C£{m, n) = Ends corresponding to a pseudo-euclidean space 
V = M™'"- the commutators Sab = 1/2 [7a, 7b] are the elements of 
the Lie algebra of spin {m,n), the covering group of SO{m,n) acting 
on S, while the 7^ are operators on S corresponding to reflections 
with respect to an hyper-plane orthogonal to the unit vector Ua € V. 
Precisely for any ip ^ S the mentioned reflections induce the transfor- 
mation |jl|: 

= (7.1) 
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Since obviously the square of a reflection must be equal to the identity 
one must have: 

ll = 1- (7.2) 

Therefore if 7^ represents a time-hke unit vector, the corresponding 
reflection must be represented by i^a- 

In Dirac's as well as in Cartan's equations like eq. (|2.l| ) the 
appearing in them represent then reflection operators in spinor space. 

Let us now consider the space-time conformal group. As well 
known it may be linearly represented by SO{A,2) acting on M^''^ with 
Clifford algebra C£(4, 2) whose generators are given by (6.3), where 
Fg should be substituted by iFg (in the Dirac basis), together with the 
volume element Fy, which extends the Clifford algebra to C^(5, 2). The 
reflection operators with respect to the corresponding 5*^^, G*'^ and 7*'' 
hyper-plane will then be represented, in spinor space, by: 

F5,iF6,r7 (7.3) 

satisfying the condition ([7. 2D; and these are precisely the operators 
which appear in eq. (6.5) which give rise to the term vf • a 75 which, 
formally, is identical to the one traditionally introduced to represent 
the isospin symmetry SU{2) of pion-nucleon interaction, which then 
could be ascribed to the reflection operators (f7.3[ ), which are reflections 
of the conformal group (and its volume element). Observe that, when 
acting in the space of the spinor doublet N, they may be correlated 
with the quaternion field of numbers (clearly visible for C£(l,7); see 
section 11.2, eq. (11.5)). 

That the conformal group might be at the origin of isospin sym- 
metry SU{2) is an old idea, based on the fact that in a certain repre- 
sentation (the Dirac one) the eight component spinor associated with 
C£(4, 2) is represented by a doublet of Dirac spinors, to be identified 
with the proton-neutron doublet. In fact the idea was first conjectured 
by W. Heisenberg, the discoverer of isospin. However the obstacle to 
overcome was twofold. First imbedding SO{3, 1) in 5*0(4, 2) or, better 
its covering SL{2, C) in SU{2, 2) one obtains SU{1, 1) and not SU{2). 
Second the well-known O'Raifeartaigh no-go theorem. In our deriva- 
tion of the traditional equation (6.5) representing SU{2) isospin sym- 
metry, from spinor geometry, both obstacles are avoided since SU (2) 
derives from a reflection algebra and because of this the no-go theorem 
does not apply. Furthermore, as we have seen from spinor geometry, 
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we naturally derive, through Proposition 2, the real vector pA given 
by eq. ( |6.2D which is null in MJ'^ as shown in eq. (|6.4|). 

The fact that the conformal reflections, represented by ( |7.3| ), might 
have an important role, should be welcome to those, like us, who 
think that the conformal group is a fundamental group of nature, 
like Maxwell's equation conformal covariance seems to suggest; since 
otherwise we would have a group in which the first four (space and 
time) reflections play an important role (parity, antimatter) while the 
last two (or three) do not. 

The validity of conformal symmetry (for massless systems) has in- 
duced several authors to conjecture, that Minkowski space-time M 
may be densely contained in conformally compactified space time 
Mc = {S3 X ^i) /Z2. There are good arguments |12] to think that, 
in this case, also the Fourier dual momentum space P should be 
densely contained in conformally compactified momentum space Pc = 
(5*3 X 5*1) /Z2. Mc and Pc build up conformally compactified phase 
space where both concepts of infinite and infinitesimal ( both infrared 
and ultraviolet divergences ) would be a priori absent. In this frame 
conformal reflections could play an important role, of relevance for 
physics, since they map Mc to Pc and therefore space time to momen- 
tum space and vice-versa. And since, as we have shown, momentum 
space is the appropriate arena for the description of the equations of 
motion of fermions in first quantization, in spinor geometrical form, 
while space time is appropriate for the description of classical mechan- 
ics in euclidean geometrical form, conformal reflections could help to 
understand the meaning of the correspondence principle as discussed 
in ref. 



8 SIXTEEN COMPONENT SPINORS 
8.1 THE BARYON-LEPTON DOUBLETS 

The construction may be continued observing that the real null vector 
with components pA given by eq. ( |6.2D for A^, thought as a Weyl spinor 
of Oo(7, 1), may be considered as a particular case of of the following 
equation: 

P± = e^GoGA (1 ± Gg) e , A = l,2,...,8, (8.1) 

where is a sixteen component spinor associated with Ci{7, 1) of 
which Ga are the generators and Gg the volume element. 
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Again G may be considered in the Dirac basis 

where A^i and A''2 are Dirac spinors of Ci{5, 1) and, again, defining 
PA = Pt + PX = ®^GoGAe A = 1,2,..., 8 (8.3) 

and 

Pg = e^GoGgQ 

, (8.4) 
Pio = eUGoQ 

we obtain the components Pa of a ten dimensional real null vector 
which defines the Cartan's equation for the spinor B: 

(P^G'^ + P5G5 + PqGq + P7G7 + PgGg + P9G9 + iPio) e = , 

(8.5) 

where Ga are the generators of C^(8, 1). For B in the Dirac basis we 
may assign to the Ga the following form: 



Tj^^'-[rr 
G, = i.'^ -l^n;G9=rj i]\ a=l,2,...,6. 



Ga 


= |g„ 







-iT7\ 

; 


; Gg = 



-r 



(8.6) 



With the same procedure as that of section 6.3, it is easy to show that 
the Dirac spinors A^i and N2 obey a system of equations where A^i (or 
A''2) is multiplied by a phase factor e*"^/^, where the angle r represents 
a rotation in the circle 

for which eq. ( |8.5D is covariant ( in spinor space it is generated by 
G-^Gs). This U{1) symmetry of A^i (or A^2) may be interpreted as 
a charge which, being different from the electric charge (generated 
by FsFg), could be the charge of strong forces. In his case then, 

A^i = ( I could represent the nucleon doublet while No = ( 

the electron neutrino doublet say, both of which contain an electrically 
charged and neutral component. 
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We could consider then the strong charge as an eigenvalue of 
—iG^Gs = (73 (g) Ig, while the electric charge as an eigenvalue of 
— iFsFg = (T3 (g) I4. There is a similarity with Dirac four compo- 
nent spinor ip conceived as doublet of Weyl ip+, f- spinors studied 
in chapter ^. There 75 = 173 (g) I2 represents chirality, while (T3 the 
third component intrinsic angular momentum. As we have seen from 
eq. ( 3.11| ), this component equals zt^^ on ip±. The corresponding 



Qe = I i-iGrGs - iV^Te ® 1) 



equation for the quadruplet of fermions contained in will be 

/+el4 \ 




V -eW 

which could be interpreted as follows: if the charged partner of the 
baryon doublet A^i (the proton) has the charge +e, the charged partner 
of the lepton doublet (the electron) should have the charge — e, as 
it happens, in fact, in nature. 

8.2 THE SYMMETRY SU{2) U{1) 

If G = ( ) is assumed to be in the Pauli representation with A'^i 
\Jy2J 

and Pauli spinors of Oo(6, 1) the generators Ga may be assumed 
to be: 

G^ = a3^l2^ 7^ 

^5,6,7 = 0-2 (g) 0-1,2,3 ® U 

Gg = (Ti I2 'S' I4 

Gg = 0-3 (g) I2 75 

In this case eq. ( |8.5D takes the form 

(P/i 1 <X) 7m + 1 ® 75 + Pio) Ni + [ps - ip- a)N2 = 0, 
{-p^ 1 (g) 7^ - P9 1 (g) 75 + pio) N2 + {p8 + ip- B)Ni = 0, 
where p - a = p^ai + pQcr2 + pjcr^. Then setting 

{P8 ± ip ■ a) = pe^^'^-'^ (8.11) 



where p = \n^+PQ+pf+l^, eq. ( |8.10| ) may be written in the form: 
(Pm 1 ® 7/. + P9 1 ® 75 + Pio) e^^-'^Ni + piV2 = , 
{-p^ 1 ® 7^ - P9 1 ® 75 + Pio) iV2 + /oe^'^-^iVi = , 
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in which the A^i doublet manifests an invariance for the phase trans- 
formation: 

which appears manifestly as SU{2) covariance for rotations in the unit 
sphere + + Uj = 1, where w = -py, with \p\ = y^p^ + p'i+ p'j- 
Clearly for local transformation this wifl give origin to a non abelian 
Yang-Mills gauge field theory. will then present an SU{2) ® U (1) 
internal symmetry, origin of strong interactions, for the A'^i doublet as 
seen in eq. (6.5) which will be absent for N2, representing the lepton 
doublet, in which however the geometric structure of the electroweak 



model will be present as shown in section 3.2 



9 THIRTY TWO COMPONENT SP- 
INORS 



Continuing the construction, the Pa of eqs. ( |8.3| ) and (|^) are a par- 
ticular realization of the following: 

= <^>^goga{l±Gii)<^ a = 1,2,...,10, (9.1) 

where $ is a thirty two component Dirac spinor of endC£(9, 1) of which 
Ga are the generators and Qu the volume element. Then, for $ simple 
(as Weyl of C£o(ll,l)) 

Pa = P+ + P- = ^^GoGa^ (9.2) 

together with 

Pu = ^^GoGn<^ P12 = ^^iGo<^ (9.3) 

build up the components of a 12 dimensional real null vector defining 
the Cartan's equation 

{PaG^ + P9G9 + PioGio + PuGu + iPu) ^ = 0, (9.4) 
where ^ = 1,2, ... ,8. 



For in the Dirac spinor representation 

,02 



^ = ( t'] (9.5) 
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where 0i and 02 may be considered as Dirac spinors of Ci{7,l), 
eq. (9.4) will have the form 



(P^G^ + P11G9 + iPl2) @1 + Gg (Pg - iPlo) 62 = 
(P^G^' - P11G9 + iPl2) 62 + Gg (Pg + iPlo) ei = 



(9.6) 



and defining 



(Pg ± iPio) = />e±*t 



(9.7) 



where p = a/ Pg + Pf q , eq. (|9.6| ) may be cast in the form 



(P^G^ + P11G9 + iPi2) e'^Qi + pG9e2 = 
(P^G'^ - PiiGg + iPi2) 62 + pe^^GgGi = 



which presents an U{1) invariance of 0i generated by QgQiQ, corre- 
sponding to a rotation through an angle a in the circle Pg + P^q = . 
We may interpret it as the U{1) corresponding to a strong charge (or 
hypercharge) . Then the quadruplet of fermions contained in 0i and 
G2 could represent baryons and leptons respectively. 

Observe that each one of them obeys in principle to an equation 
like (|8.5| ). Furthermore, because of the notorious periodicity theorem 
of Clifford algebras Ci{k, I) we have 



Ci{l + 4, A; + 4) = Ce{l + 8,k)= Ci{l, k + 8) = €£{1, k) ® 7e(16) 



where TZ (16) stands for the algebra of 16 x 16 real matrices. Therefore, 
since neither C^(8, 0) nor C£(0, 8) may be associated with real spinors, 
the final Clifford algebra to study in our construction will be: 



admitting real Majorana-Weyl spinors, since after this the geometrical 
structures, because of the periodicity theorem, will repeat themselves. 

Before examining the possibility of representing with ©i and 02 
baryons and leptons we wish first to define dimensional reduction pro- 
cedure in our formulation and to study its meaning. 



10 DIMENSIONAL REDUCTION 



In our constructive approach, in which at each step we doubled the 
dimension of our spinor space, while we increased by 2 the dimension of 



(9.8) 



0(9,1) = 7^(32) =0(1,9) 



(9.9) 
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the correlated vector space, dimensional reduction will simply consist 
in reversing of those steps. 

Precisely, if ^' is a 2" component Dirac spinor of the endomor- 
phisms space of a certain Clifford algebra Ci{2n — 1, 1) with genera- 
tors 7a, a = 1, 2, ... , 2n, the dimensional reduction is operated first in 
spinor space by the chiral projectors 5 (1 ± 72n+i)i that is 

*^V'± = ^(l±72n+l)* (10.1) 

where if± are the 2'^~^ component Weyl spinors of C£o(2?i- — 1, 1). Cor- 
respondingly the 2n -|- 2 vector space whose vectors with components 
Pa are constructed bilinear ly from 

Pa = ^So7a^, A = l,2,...,2n + 2 (10.2) 

with 72n+2 = a, will become, after the spinor-space dimensional re- 
duction ( pMD : 

PA^pt = -^hola (1 ± 72n+i) ^' , a = 1, 2, . . . , 2n, (10.3) 

They span a 2n dimensional vector space since, after the spinor space 
dimensional reduction, two of the 2n + 2 components Pa and precisely 
-P2n+2 and P2n+i, will vanish identically, and dimensional reduction 
in vector space will be the consequence of dimensional reduction in 
spinor space. But then, the spinor so reduced, will obey an equation 
in the lower dimensional momentum-space. 

As an example, for n = 2, consider the case of four component 
spinors of Chapter 5. It is easily seen that correspondingly to the 
chiral projection: 

^ ^ (1 ± 75) ^ = v^i , 

which reduces the four component spinor tp to the two component ifj-, 
the null six- vector pa = {Pfi,P5,P6} studied in Chapter 5, reduces to 
a null four-vector 

= (1 =t 75) , = 0,1,2,3, 

since = = (1 ± 75) = 0. 

For n > 3 the missing terms will generally mean missing of interac- 
tion terms in the equations of motion, and the result of "dimensional 
reduction" simply consists in "decoupling" of the equations of motion. 
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Obviously depending on the representation of the spinor ^ and 
of the 7-matrices, one may have to use other projectors in order to 
reduce by one half the dimension of spinor space. As an example 
consider the case of the nucleon doublet dealt with in section |6.l|, 



where = (^,] is a doublet of Dirac C£{3, 1) spinors: ipi and ip2- 

Then, the projectors read ^ (1 ± iV^T^) and it is easily seen that these 
projectors send the 8-dimensional null vector pA- given by eq. (6.2) 
into the six dimensional one: 

= N^ToTa (1 ± irsFe) iV , a = 0, 1, 2, 3, 7, 8 . 

Since p^^ = A^^roFs^g (1 i ^rsFe) A^ = 0. Also the equation (6.5) will 
correspondingly be reduced, missing the terms ps, p%^ representing 
strong interaction terms. 

In general, depending from the representation of the generators 
7a of C£{2n — 1, 1) one may build up more projectors in spinor-space 
each of which will determine a corresponding dimensional reduction 
in momentum space. Since the 7a representation determines the rep- 
resentation of the spinor ^ above, to each such representation there 
will correspond a dimensional reduction. 

In order to determine them, let us first remember that, for the 
physical interpretation, we need to know the transformation properties 
both of the spinor-multiplet as well of its components, with respect to 
the Poincare group. To this end we need then to determine the form of 
the first four generators T^ of the concerned Clifford's algebra; that is 
Ti, Ts and Tq; assuming they represent space- and time-directions, 
respectively. 

Now the generators F^, {fj, = 1, 2, 3, 0) of 0(2n — 1, 1) may have, 
as known, the following four representations: 

7m 
-7/. 

'1^ 

7/. 

where 7^ are the first four generators of Cl{2n — 3, 1). 



Weyl: 


r(i) 




®7m 




r(2) 


= a^ 


«'7m 


Pauh: 


r(3) 


= a' 




Dirac: 


r(o) 


= 1(S 


5 7m = 



(10.4) 
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Corresponding the spinor associated with C£{2n — 1, 1) may be 
considered as a doublet of Weyl (for T^^\jj^^); Pauh (for T^^^) or 
Dirac (for F^*^^) spinors. 

For the Chfford algebra Ci{l, 2n — 1) we would have had instead 
the generators: 



7m' 



1,2,3 



flO.4') 



Now —ia^ are the known representation of quaternion imaginary 
units. Therefore, the four representation above may be conceived 
correlated with quaternion numbers. Now, starting from (10.4) or 
(10.4') one may easily complete the representation of the generators 
of 0(2n — 1, 1) or 0(1, 2n — 1) and we find that the corresponding 
projects are: 



Weyl 

because of which 
Pauli 

because of which 
Dirac 

because of which 



7ri,2 = ^(l±r2„+i), for rW and rf, 

P2n+2 = = P2n+i; 

TTa = ^ (1 ± Zr2„r2n+l) , for Pjf ) , 
P2n+1 = = P2„; (10.5) 
TTo = ^ (1 ± Zr2„-ir2n) , for Pf), 
Po„ = = P; 



2n-l 



(0) 



The Dirac case may be further extended if one supposes that in T^ 
of eq. (10.4) also the four are in the Dirac representation 7^^*^^; we 
will indicate it with: 



r(oo) 



. 







and the corresponding projector will be: 

1 



TTOO 



(1 ± zPsn-sr: 



2n-3^ 2n-2) , 



because of which 



-P2n-2 = = P2rj,- 



2n-3 



(10.6) 



(10.7) 



(10.8) 



This may be continued up to r^^ ' °^ with m zeros, which we will 
indicate with r^^"*^ and which will have the corresponding projector: 

TTOm = 77 (1 =t ^r2n-2m+ir2n-2m+2) (10.9) 
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because of which 

P2n~2m+2 = = P2n-2n+l (10.10) 

It is easily seen that, given n, the maximal m to be considered is 
m = n — 2 by which the original 2" Dirac spinor splits in 2*" Dirac 
spinors each one with 4 components. 

When working in space-time in the traditional method, the ex- 
tra dimensions are introduced in order to explain multiplicities and 
internal symmetry of fermions in their equations of motions or La- 
grangians, and are afterwards eliminated by dimensional reduction, 
confining them in compact manifold of unobservable size. 

Here, instead, the extra dimensions appear as extra terms in the 
equations of motion in momentum space and, for n > 2, they acquire 
then the meaning of terms representing the interaction of fermions 
with external fields, as in eq. (6.5). Their elimination may, then, be 
interpreted as a decoupling, or as the reduction of the equations of 
the concerned fermions in absence of those interaction terms, a quite 
natural interpretation since it is natural that a proton (represented by 
tpi in (6.5) say), being far from a neutron (represented by 1^2, say), like 
those of cosmic rays, when traveling in empty space say, will simply 
obey the Dirac equation, for a charged fermion. 



11 BARYONS AND LEPTONS 



11.1 THE BARYON MULTIPLEX 

Let us now assume in eq. (9.5) the Dirac basis, the 16 component 
spinor ©i to be of the form: 



61 



Ob 



(11.1) 



where qj are Dirac spinors, representing a quadruplets of fermions or 
quarks, presenting strong charge represented by its U{1) covariance 
as seen in eq. (9.6'). It obeys eq. ( |8.5D and Pa given by (|8.3|), (|8.4D, 
being the components of a null vector satisfy identically to (we adopt 
0(1,9)): 



Ps + Pq + P? 



10 



(11.2) 
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whose directions define S^. Therefore it is to expected that the quadru- 
plets may present a maximal SU{4:) internal symmetry (covering group 
of SO{6)), which will be the obvious candidate for flavor internal sym- 
metry. The most straightforward way to set it in evidence is to de- 
termine the 15 generators if the Lie algebra of SU{4) (determined by 
the commutators [Gi, G^] for 5 ^ j,k ^ 10) represented by 4 x 4 ma- 
trices, whose elements are either I4 or 75, acting in the space of the 
Qb quadruplet. Let them be Xj; where 1 ^ j ^ 15. Denote with fj, 
1 ^ J ^ 15 the components of a tensor building up an automorphism 
space of S0{6). Then, a natural^ equation of motion for Qb could be: 

(3 8 15 \ 

P^G^ + ^ X,f + ^jf + E ^^f' ]®B = (11.3) 
j=l j=4 j=9 J 

where A1A2A3 are the generators of SU{2); Ai, . . . , Ag those of SU{3) 
and Ai , . . . , A15 those of SU (4) . 

In order to study the possible physical information contained in the 
quadruplet O^, let us now operate with our dimensional reduction. 

The most obvious will be to adopt the projector ^ (1 ± Gg) which is 
the image in Ci{9, 1) of i (1 ± ^9^10) of 0(1, 11). Now, the reduction 

^ ^ (1 ± Gg) eB = N±. (11.4) 

implies that 

P^,lO = &^BGoG9,lo{l±Gg)@B^O. ( PTj ) 

Therefore the null vector Pa given by (^]^) and ( |8.4| ) reduces to pA 
given by eq. (^]^) , which means that or , conceived as a doublet 
of fermions obeys eq. (6.5) of the nucleon doublet. It may be shown 
that if we substitute in that equation the Dirac spinors ipi,ip2 with 
Pauli spinors and we operate with the projector tt^ of Chapter 10 in 
signature (1,7), the intermediate terms acquires a factor il4, instead 
of 75, that is eq. (6.5') becomes a quaternionic equation of the form: 

(p^- l®7^ + i7f •CT + M)iV = (11.5) 

In a similar way as {p^^^ + [7^1, ^u] F^" + m) '0 = 0, where F^^, is the electromagnetic 
tensor, is a natural equation for a fermion, the neutron say, presenting an anomalous 
magnetic moment. 
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It is easy to see, that if we operate the dimensional reduction with 
the projectors ^ (1 + GyGg), then p^^s = 0, and again the remaining 
equation is a quaternionic one. 

If we now compare these results with the general eq. (11.3) we 
see that, in all these cases of dimensional reduction, only the internal 
symmetry represented by the first sum containing Ai,A2,A3 genera- 
tors of SU{2) isospin has emerged; which had to be expected in fact, 
since in the construction of our higher dimensional spinor spaces and 
of the corresponding vector spaces, where to interpret Cartan's equa- 
tions as equations of motion in momenta space, the signature resulted 
unambiguously defined to remain Lorenzian, which in turn determined 
the emergence of the fundamental role of the quaternion field of num- 
bers. These in turn are at the origin of SU{2) isospin symmetry of 
the strong nuclear forces, which in fact rules all low energy dynamical 
phenomena in nuclear physics. This however could not be the end of 
the story, since, dealing with C£(l,9) notoriously associated with oc- 
tonions, presenting the automorphism group G2, one could expect to 
find equations presenting an 5[/(3) group of symmetry, subgroup to 
G2, represented in eq. (11.3) by the first two sums, as in fact observed 
in higher energy strong interaction phenomena, when new terms of 
interaction appear in the equations of motion as will be shown in 
Chapter 12. 



11.2 THE LEPTON MULTIPLEX 



The multiplet B2 should then not possess strong charge generated by 
^9^10; we will then interpret it as representing leptons: 



62 = 



2 



(11.6) 



Since now the strong charge is missing, 6l will not obey to eq. (8.5) 
which implies the possibility of eq.(11.3) and the presence of strong 
interactions. 

The absence of strong charge will impose at least one step of our 
dimensional reduction: two terms will be missing from eq. (8.5) valid 
for Qb, while the spinor 0^ will reduce to an 8-component spinor 
which will be indicated with L. In order to perform this dimensional 
reduction we will adopt the rules of Chapter 10 for n = 4, since Ql 
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may be associated with C£(l, 7). Then we may think their generators 
to have the form (10.4') where 7^ are the standard Dirac 4x4 matrices 
and the projectors are given by (10.5) with n = 4. They are: 

Weyl: 7ri,2 = ^ (1 ± Gg) 

because of which: Piq = = Pg 

PauU: TTa = ^ (1 ± iGsGg) 

because of which: Pg = = Pg 

Dirac: ttq = - (1 ± GjGg) 

because of which: Pg = = P7 



The projectors '7ri^2,3 and ttq will reduce Ql to the 8-component 
spinors L^'^'^ and which will be Weyl-, Pauli- and Dirac-spinors, 
respectively and the matrices will be the ones of (10.4'). For each 
of them the momentum space will be 8-dimcnsional, reduced from 
the original ten-dimensional one satifying eq.(11.2) which for L^'^ will 
reduce to: 

u 2 , 2 I 2 I 2 2 
PmP =P5+P6+P7+P8 = 1^1,2 

for will reduce to: 

Pf^P^ =PI+Pl + P7+Pw = ml (11.7) 

and for will reduce to: 

it 2,2,2,2 2 

PmF = P5+P6+P9+P1O = ITT'O ■ 

Which means, comparing with (11.2), that in principle the masses 
of the leptons will be lower than those of the baryons, and different 
among themselves. 

Observe further that from what was discussed in section 6.3, in 
each doublet one lepton should be electrically charged and one neutral. 

The lepton multiplet should then reduce to 3 doublets ,L?,L^, 
like the A''2-doublets defined in Section 8.1, labeled by the quaternion 
imaginary units plus L^. If and doublets are considered equiva- 
lent then we would have only 3 non-equivalent pairs of charged-neutral 
leptons which might be correlated with the three families of leptons 
which have been observed in nature. 
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The one step of dimensional reduction, imposed by the absence of 
strong charge for the lepton quadruplet Ql, will in any case generate 
the emergence of an SU (2) internal symmetry, which for leptons could 
be envisaged in the one of the electroweak model discussed in section 
6.2. 

Up to now we operated with dimensional reduction on the quadru- 
plet B and 6 l separately. However it is more natural to operate the 
reduction directly on the 32-component spinors studied in Chapter 9 
and we will obtain the 16-component spinors of Chapter 8. 



11.3 THE B ARYON-LEPTON QUADRUPLETS 



of the automorphism space 



Let us suppose that in the spinor $ = 

of Ci{l, 11) in eq. (9.5), Gi and G2 w. 
and lepton multiplets @b and 6^ respectively, are of the form 



G2 



rich we identified as the baryon 



@B = 



0fe 



0L 



G,. 



(11.8) 



with G5. and G^. Dirac spinors of C£(l,7). Then, remembering that 
dimensional reduction of the lepton quadruplet G^ is necessary be- 
cause of the absence of strong charge, we could reduce the spinors 
space with the projector 



by which P7 = = Ps and the spinor $ would reduce to 



(11.9) 



Ob 









G 



(11.10) 



that is to a sixteen component baryon-lepton doublet like those con- 
sidered in section 8.1: 







N2 



-04 
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in which ^i,V'2 are baryons: we will indicate them with 61,62 and 
-03 , V'4 leptons to indicate with ^1 , ^2 • We have seen in the preceding 
section 11.2 that we may obtain them after dimensional reduction 
from @B and @l in 3 + 1 ways through the projectors vri^2,3,o labeled 
according to the directions of quaternion field of numbers. Therefore 
the resulting baryon-lepton quadruplet will have the form: 



j = 1,2,3,0 



(11.11) 



The form (11.11) is suggestive since it is apt to set in evidence 
several of the common properties of baryons and lepton in particular 
the natural arising of SU{2) U (1) internal symmetry. 

We have to remind that while leptons £±,£2 are not subject to 
strong interactions and therefore for them the dimensional reduction 
from Ql to Qg^ (or ) necessary, for the baryons 61,62 of the 
doublet, it is not so since they may be subject to strong interactions. 
In particular it is known that these interactions present an SU (3) 
symmetry, and the SU{3) group is notoriously a subgroup of G2, the 
automorphism group of octonions. 

We have seen up to now that quaternions seem to play a basic role 
in the interpretation of some elementary physical phenomena concern- 
ing fermions, which may be derived from the geometry of simple or 
pure spinors; we may then reasonably expect that also octonions or 
Cayley numbers might play a role, specially because we ended up 
to deal with spinors associated with the algebras: Ci{l, 1 + 8) = 
0(1 + 8, 1), notoriously associated with octonions. 



12 THE OCTONION FORMALISM 



Suppose now the 16 component spinor to be a doublet of Cio{5, 1) 



Weyl spinors ^1,^2: © 
have the form 



Then Ga, generators of Ci{l, 7), may 



Ga 



-iVa 
iVa 



1 

1 



1 
-1 



a = l,2,...,7. 
(12.1) 
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and eq. (p3|) , taking into account of eq. (p^) , reai 



'^^-I.Ps + .Ej.i^.r, ±^p,o-P9 ^''-'^ 




A number of authors [|T9| have proposed to adopt the formahsm of 
octonion division algebra for the study of physics in ten dimensional 
momentum spaces of signature (1, 9) and have adopted the equation: 

pe=( ^8-El=iP.eA /OA 

\P8 + l^j=iPjej Pio-Pd J yJ2j 

where ei , 62 , . . . , ey are the anticommutative imaginary units of oc- 

tonions and G = ( ) is a two component spinors with Oi and O2 

representating octonions. 

Both eqs. (12.2) and (12.3) contemplate the same signature ((9,1) 
or (1,9)) however while eq. (12.2) implies: 

p2_p2 p2_p2^^o^ (Hlf) 

eq. (12.3) implies: 

pIo-pI pI-pI = o, O) 

that is the time components po and pio are interchanged (apart from 
the lb sign in front of Pio deriving from eq. (9.4) and (9.6)). This 
means that if in eq. (12.2) we perform the Wick rotations: 

iPw ^ Pio ; Po ^ iPo 



eq. (12.2) and eq. (12.3) must be equivalent. In fact it is known |20] 
that Spin(9, 1) = Spin(9, 1) = SL(2,0) = SL(32,M) where stands for 
octonions. 

Recently T. Dray and C.A. Manogue [19|, starting from eq. (12.3) 
have proposed a dimensional reduction from 10 to 4 dimension in 
momentum space, adopting the map 



^ Eq. ( 12.2 ) may be easily formulated for the signature (1,9); one needs only to sub- 
stitute ibiPiOjPg and iVa with ±Pio, iPo, and Fq respectively, Y a being the generators of 
0(1,5). 
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where q represents an octonion and £ a preferred octonion imaginary 
unit (they use d. = ej) In this way they obtain from eq. (12.3), spinor 
equations in 4-dimensional momentum space apt to represent 3 gen- 
erations of lepton pairs ~ one massive and one massless in each pair 
- each generation corresponding to one of the 3 quaternion imaginary 
units. 

Compared to the octonions eq. (12.3) the advantage of eq. (12.2) 
is that it is straightforward to read the physical meaning of the sp- 
inor 0, especially when we perform dimensional reduction step by 
step, and furthermore the algebra of the non diagonal terms in eq. 
(12.2) is the familiar one of Clifford algebras, while that in eq. (12.3) 
is the non-associative one of octonions. However, in a similar way 
as the algebra of quaternions seems to play an important role in the 
explanation of the geometrical structure of some elementary physical 
phenomena, in particular they might be at the origin of SU (2) U (1) 
internal symmetry, and of the 3 families of baryon-lepton quadruplets, 
the formulation of eq. (12.3) in terms of octonions could be helpful 
for understanding further aspects of the geometrical structure of some 
elementary physical phenomena, like the SU(3) (subgroup of G2) in- 
ternal symmetry. 

To set this in evidence we should then try to correlate eqs. (12.2) 
and (12.3), that is, to express octonions in terms of Clifford algebra 
elements. This seems to be indeed possible in the frame of 0(2, 3) 



and will be extensively analyzed elsewhere |21]. For the moment we 
will tentatively mention some preliminary results which are coherent 
with our previous study. 

Let us take for the generators of C£(2, 3) the 4x4 matrices 

7n=(_ n ); 70=1-, n); 75 = ( n i)! n = l,2,3 

(12.4) 



a„ / ' VI 0/ ' VO -1 



then we may define the octonion units with 

en = 7n; e7 = z75; e^+s = e„e7 = i7„75 ; n = l,2,3. (12.5) 
which satisfies the multiplication rules of octonions, that is 

e/+3em+3 = —^Im — ^Imne-n, (12.6) 
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where eimn is the emisymmetric tensor, provided the rule for the mul- 
tiphcation of matrices is appropriately modified, as proposed by J. 
Daboul and R. Delbourgo |^^. It will be shown in ref.[21] that the 
same result may also be obtained in the frame of the Clifford algebra 
0(2, 3) maintaining the standard rule for matrix multiplication. 

We will show now that, in the frame of C£(l, 9), there are several 
sub-algebras apt to represent octonion units as well as their multipli- 
cation rules after adoption of the mentioned conventions, and to give 
origin to equations of motion of the type (11-3) with interaction terms 
represented by the first two sums. 

Let us start from the representation of Ga, generators of C£(l, 7), 
as given in eqs. (12.1); inserting in them the representations of 
given in eqs. (6.3) one easily finds: 

G4+n = ~Q ® 75 := e„ 75; n= 1, 2, 3 (12.7) 

where we have adopted the representation (12.4), (12.5) of the octo- 
nion units e„. If we further define 

iG^:=eT®l (12.8) 

and 

iGi+nGc) := ie„e7 75 = e^+a ® 75 (12.8') 

we obtain all the seven imaginary octonion units expressed in the 
frame of C£(l,7) which, with the mentioned rules, close the octonion 
algebra. 

Let us now define the complex octonions with: 



1 , , 1 , 

^0 = 2 (1 ~ ^^7) ; Vn = - [en- 

1 / ^ _ 1 . 

= 2 (1 + ^^7) ; Vn = [en + ^en+3) 



(12.9) 



They satisfy: 



Vq=Vo; VqVq = ; VnVo = VQVn 



VQVn = VnVo = ; VlVm = Sim VlVm = £lm.nVn 



(12.10) 



together with the complex conjugate equations. 

This algebra is known to be invariant under the group SU{3) 
Precisely {vi,V2,V3) and {vi,V2,V3) transform like (3) and (3) repre- 
sentations of 5*^7(3), respectively; while vq and vq like singlets. There- 
fore it manifests the SU{3) automorphism of the octonion algebra. 
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It is now easy to express, through eqs. (12.7), (12.8) and (12.8') the 
complex octonions VQ,Vn;vQ,Vn in terms of the generators ^4+^,^9. 
With them it should then be possible to build up terms transform- 
ing as (3) and (3) of SU{3) and then presenting on SU{3) inter- 
nal symmetry. Observe that these terms contain all the projectors 
^(1 T^e?) = ^(1 i Gg). Now if we act with these projectors in spinor 
space we operate a dimensional reduction, as discussed in section 11.1, 
and the corresponding equation of motion reduces to the one of the 
nuclear doublet presenting on SU (2) isospin symmetry. 

Let us now extend the above construction to our Clifford algebra 
0(1,9) by defining its generators Qa as follows: 

^ ^ f -iGA\ ^ f -Gq\ ^ fO -i 

^^11= (J ^ = 1,2,..., 8 (12.11) 

Then, adopting the above representations for the generators Ga, 
we easily arrive at the following definitions: 

Q6+n=(^ j (g) := e„ <X) n= 1,2,3 

(12.12) 

1011 := 67 (g) 1 ^ ^ 

iGe+nGii = iener (8) = en+sT^ 

which, again, close the octonion algebra with the adoption of the men- 
tioned rules. 

In this case the projectors presented by complex octonions will be 
^(1 lb ^11) which, in our model of Chapter 9, splits the 32-component 
spinor $ in the baryonic quadruplet Qb and the leptonic one O^,- 
Therefore the terms (/6+n(l + On) may give rise to SU{3) internal 
symmetry for Qb presenting strong charge while it should be absent 
for @ L (where however it could determine the structure of the electro- 
weak model determining the value 0.25 of sin^, see section 6.2)). This 
possible 5^7(3) symmetry for the baryons contains, as seen above, the 
isospin SU (2) as a subgroup, therefore it would be natural to interpret 
it as flavour internal symmetry, acting on the baryons interpreted as 
operators, with all that which follows. 

Other possible representations of the octonion units may be found 
in the frame of 0(1,9). In fact in Chapter 10 we have seen that in 
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the frame of C£{1, 5) the first four generators of the algebra may have 
the form: 

rW = ^^(g,^^ ^ = 0,1,2,3 (12.13) 

with generators of C£{1, 3), where n = 1, 2 characterize the spinor 
associated with C£{1, 5) as Weyl doublets, while n = 3 as a Pauli dou- 
blet. In section 11.3 we have seen a natural reduction of the spinor $ 
in 3 families of baryon-lepton quadruplets represented by cq. (11.11). 
For these the corresponding first four generators of 0(1, 7) could have 
the form: 

Then with the help of definition (12.8) and of: 

iG'^^^Gg := iener 7/. = en+3 ® 7m (12.14') 

we arrive to another representation of the octonion units, out of which 
a complex octonions algebra invariant under the SU{3) group may be 
defined (the same may be repeated with the generators Qa)- 

A further representation of octonion units and of the corresponding 
complex octonion algebra may be found if we take for the generators 
7^ of 0(1,3) the representation: 



7m : 7m = 




, n = l,2,3 (12.15) 



In this case we easily arrive at 

Gk^ ■= ej ® efc J, = 1, 2, . . . , 6 (12.16) 

and 

-4'^) := -Gg (8) 75 := 67 (8) 67 (12.17) 

which generates, in the complex version, an algebra invariant under 
the SU{3)i^SU (3), which under certain conditions, could be candidate 
for internal symmetry groups. If they could represent also the color 
SU{3) as advocated by F. Giirsey [19], is for the moment an open 
question. 

In this way the two first sums appearing in the general cq. (11.3) 
could be realized. For the possible realization of the last term implying 
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the, in principle possible, SU (4) internal symmetry in very high energy 
elementary particle phenomena, there is no sign for the moment. If 
the parallelism between baryons and leptons, as mentioned in section 
11.3, is a dominant feature of elementary particle phenomena then one 
could expect the discovery of a fourth neutrino, which in fact is being 
searched for in some laboratories (Fermilab). 

Observe that SU (3) is a subgroup of the automorphism group G2 
of octonions and it emerges when among the octonion units a preferred 
one is chosen; in our case 67. This in turn, in our Clifford algebra ap- 
proach, amounts in choosing a preferred direction in momentum space 
corresponding to a preferred generator of the concerned Clifford alge- 
bra. In the example given above they have been in turn: ^9,^11,75. 
Obviously, also could have been used. These were the volume ele- 
ments of our even dimensional Clifford algebras and, in the complex 
octonion algebras, they appear in the form of generalized chiral pro- 
jectors like ^(1 ± Gg), ^(1 ± ^11), |(1 ± 75). This means that in the 
corresponding SU (3) covariant terms in the Lagrangian densities the 
corresponding spinors will appear as chirally projected, which might 
be at the origin of their inobservability. 

This possibility is not new in physics where, as an example, the 
weak current responsible for the neutron decay is -P7ju(l -|- J5)N, and 
we know that the massive left-handed neutron (1 -|- "y5)N, which ap- 
pears in the weak interaction term, is not observable as a free particle 
since it is not invariant under the reflections of the Lorentz group (it 
obeys to coupled Dirac equations); it behaves as a free particle, only 
asymptotically in the limit of high momenta, when its mass may be, 
with good approximation, set to zero. 

If the unobservability of colored quarks could have a similar origin, 
the necessity of conceiving observable fermions as bound states of 
quarks could be revised (in the above example the neutron does not 
necessitate to be considered as a bound state of its left- and right- 
handed Weyl components, which are unobservable as free fermions). 

What emerges from this preliminary study is that the geometrical 
structure of the Clifford algebra C£(l, 9) and of its endomorphism spi- 
nor space is very rich and may naturally accommodate several features 
of the observed elementary natural phenomena of the known fermions. 

In particular, all 3 stages of complexity seem to play a fundamen- 
tal role: complex numbers as origin of the U{1) group of charge in 
the charged-neutral fermion doublets; quaternions as origin of isospin 
group of symmetry SU (2) as well as of the 3 families of lepton-baryon 
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doublets, correlated with the 3 units of quaternions; octonions as the 
origin of SU{3) internal symmetry perhaps including color, again the 
number 3 being correlated with the number of quaternion units and 
also the number 8 of the eightfold representations of SU (3) with the 
periodicity theorem of Clifford algebras and with the fundamental role 
of the real algebras Ci{l, 9) = C£{9, 1) = -R(32) representable through 
octonions in their automorphism space of Majorana-Weyl spinors. 

There are several more geometrical aspects C^(l,9) and of its en- 
domorphism spinor space which should be further analysed because 
of their possible correlation with physics. We will try now only to 
mention some of them. 



13 FURTHER GEOMETRICAL AS- 
PECTS 

13.1 SIMPLICITY CONSTRAINTS 

We based our constructive approach, consisting in embedding spinor 
spaces and null-vector spaces in higher dimensional ones, on propo- 
sitions 1 and 2. Both of them deal with simple (or pure) spinors as 
defined by E. Cartan Q. Now, for even dimensional Clifford algebras 
Ci{2n), all Weyl spinors are simple for n < 3; while for n > 4 they 
are subject to constraint equations which may be derived from eqs. 
(2.12). 

To start with, for n = 4, the 8-dimensional Weyl spinors 9± = 
^{l±Gg)@ associated with C£q{1, 7) are simple iff in eq.(2.12) Fq = 0: 

Fo := {9iToe±) = (13.1) 

We know that 6± may also be conceived as Pauli spinors of C£(l, 6) 
or as Dirac spinors of C£{1, 5). In this latter case simplicity eq. (13.1) 
would imply M = in eq. (6.5). This condition was sometimes 
imposed ad hoc in nucleon-pion physics; here we see that it may be 
obtained imposing the semplicity constraint to the nucleon doublet. 

The eight dimensional Weyl spinors 9^6^ of C^(8) are specially 
important since they present a particular auter automorphism, first 
discovered by Sturdy |23] and named by E. Cartan Q the triality 



principle. In fact the 3 eight dimensional quadrics 

Qi = {Be+,9+), Q2 = {B9^,9^)- Q3 = ^A^^, (13.2) 
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where Xa are the orthonormal components of a vector of C®, are 
obviously invariant with respect to the group 0(8) and to its covering 
group pin (8). The same is obviously true for 

F = {Be+,GAe-)X^ (13.3) 

Furthermore, under the transformations: 

X^e±, 0+^6-, (13.4) 



F as well as Qi + Q2 + Q3 are invariant. This is the triality automor- 
phism which may be elegantly formulated in the octonion formalism 



|24|. Eq. (13.1) is a particular case of Qi = = Q2, from which, in 
force of the triality principle, also Q3 = PaP^ = follows. 

The relevance of triality for physics and specially for supersymmet- 
ric theories, could be high, however it has not yet been fully clarified. 

For n = 5, the sixteen component Weyl spinors Q± = |(1 + ^11)$ 
associated with Oo(l) 9) are simple iff in eq. (2.12) Fi = 0, that is iff: 

Fi := (e^GoGAei) = 0, A = 1,2,..., 10 (13.5) 

where Gio := 1. 

These ten constraint equations have been used for an elegant super- 
Poincare covariant description and quantization of superstrings [ p^ . 

We could also impose simplicity for the 32 component spinors ^± = 
^(1 + ^13)^^ associated with Oo(l; H)) for which in eq.(2.12) F2 = 0, 
that is: 

:= (^1,^0 [^a, 6^/3] ^-i) = 0, a, /3 = 1,2,..., 12 (13.6) 
where Q12 '■= 1. 

These 66 constraint equations might also be relevant for physics 
since we know that <^-|- may be conceived as Dirac or Pauli spinors 
associated with C£(1.9) or with C£(l, 10) respectively, and if we adopt 
our interpretation of the terms in the equations, with indices a, (5 > 5, 
as interaction-terms, then, among the 66 terms set to zero in eq.(13.6), 
there are several correlating the B^-baryon multiplet with the 0^- 
lepton one. In fact, in the Dirac representation Qa^ of the generators 
of 0(1,9) F2 implies: 

(G^jGoGaGsGl) = ^ = 1,2,..., 8 (13.7) 
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which if Gg as well as r7 is assumed in the Dirac representation, im- 
plies that all weak currents between baryons and leptons are forbidden, 
and the same may be derived in the Pauli representation. Then the 
stability of the lightest baryon: the proton might have a geometrical 
explanation in the frame of simple- or pure-spinor geometry. 



13.2 MINIMAL SURFACES AND STRINGS 
FROM SPINORS 

E. Cartan conjectured that simple spinor geometry may underlie 
euclidean geometry insofar null-vectors may be bilinearly expressed 
in terms of simple spinors while sums of null-vectors generally give 
ordinary euclidean vectors. 

In the frame of the main trend of theoretical physics of last century 
to identify more and more with geometry and mathematics, the clue 
for the implementation of that conjecture might be envisaged in the 
central role which null-vectors and null-lines (lines with null tangent) 
played in the last two centuries in the development of geometry in the 
frame of complex analysis and which emerged in particular from the 



Enneper-Weierstrass |14| parametrization of minimal surfaces in M , 
in the form 

/u+iv 
Zj{a)da- J = 1,2,3 (13.8) 

where Xj{u,v) are the orthonormal coordinates of the points of a 
surface, which is minimal provided Zj[a) are the holomorphic coor- 
dinates of a null C^-vector, and c is any path in the complex plane 
(m, v) starting from the origin. The correlation with spinors associ- 
ated with are given by eqs.(3.1), (3.2), where Zj = {Bip,ajip) are 
null. It was shown in ref.[15] that, by considering as a Weyl spinor 
associated with C£{3, 1) eq.(13.8) may easily be extended to M^'-^. For 
a Majorana spinor associated with Ci{3, 1) = i?(4) the corresponding 
equation gives the representation of a string in the form: 



X^ia,r)=X^{0,0)+ t+{a)da r^{f3)df3- ^ = 0,1,2,3 

JO JO 

(13.9) 

where are real, null vectors bilinearly constructed in terms of Majo- 
rana spinors. It was further shown |jl^ that the above formalism may 
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be extended to higher dimensional Chfford algebras and correspond- 
ing spinor spaces and that, whenever Major ana spinors are admitted, 
strings will be naturally obtained as integrals of bilinear null vectors 
in terms of them. Propositions 1 and 2 of the present paper may be 
adopted also in the case of strings such that imbedding simple spinor 
spaces in higher dimensional ones implies the corresponding imbed- 
ding of strings. The above may also be extended to momentum space. 

In this way the approach presented in this paper could not only 
be compatible with, but even be at the origin of string theory; insofar 
strings could appear as naturally arising bilinearly, from (real) spinors 
through integrations considered as generalized forms of sums, under 
certain conditions. It is interesting to note that the condition of reality 
and simplicity for the corresponding spinors brings to the Clifford 
algebra 

C£(9, 1) = 0(8, 0) + 1) = R{32), (13.10) 

and in this frame gravitation will be naturally contained, as well 
known. 

A bilinear parametrization of covariant strings and superstrings 
theories in terms of Majorana-Weyl spinors associated with C^(l,9) 



was recently proposed [25|, |26|. The general solutions of the 



equations of motion are obtained through the use of an octonionic 
formalism, which might render transparent, through the triality auto- 
morphism, also the geometrical origin of supersymmetry. 



13.3 FURTHER ASPECTS 

There are certainly several more geometrical aspects which need to be 
further analyzed. Among these the role of triality in supersymmetry 
theories the possible geometrical origin of coupling constants in the 
frame of Riemann geometry, the consequent formulation of local field 
theories in the traditional configuration space and its correlation with 
momentum space [12] which seems to be the space where spinor ge- 
ometry may be naturally formulated and immediately interpreted as 
physical equations of motions; a non surprising fact if one conceives 
momentum space as the space of velocities. 

Also nullness as well as simplicity constraints should be further 
analyzed since, while introducing the elegant conception of projective 
manifolds and of compact momentum spaces, they could also furnish 
sum rules of physical meaning. 
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14 CONCLUSIONS 



Fermion multiplets may be represented by spinor multiplets and, from 
these, if simple or pure, following E. Cartan, vectors of null quadrics 
in pseudo euclidean spaces may be bilinearly constructed. It is then 
natural to tray to imbed spinor spaces, and the corresponding biUn- 
early constructed vector spaces, in higher dimensional ones starting 
from the most elementary non trivial one: the two-component Pauli 
spinors of ordinary 3-dimensional space associated with C^(3). It is 
remarkable that in this construction the signature of the constructed 
spaces, and of their Clifford algebras, results unambiguously defined 
starting from 0(3, 1) or 0(1, 3) up to 0(9, 1) or 0(1, 9), after which 
the sequence is repeated. 

It might be not accidental that, on the way of this construction, 
most of the elementary equations of motion of fermion-physics (in- 
cluding Weyl, and from these, also Maxwell's equations) are naturally 
found, however in momentum space or the space of velocities, which 
naturally results compact; and that these equations naturally present 
some of the main groups of internal symmetry like U{1),SU{2) and 
SU (3) , each one deriving from the 3 degree of complexity of the field 
of numbers; that is: complex numbers, quaternions and octonions, re- 
spectively. This result may be correlated with the general properties 
of the division algebra like the real Ci{l, 9) to which we arrived in our 
construction as shown by G. Dixon [24]. 

In this preliminary approach we concentrated our attention on 
some of the aspects of the geometrical construction and on the pos- 
sible role of the elegant concept of simple or pure spinors, but much 
more has to be done specially in the study of its possible relevance 
for physics, and of the correlation of the resulting compact momen- 
tum spaces with figuration space, which seems to be necessary only 
up to dimension four, the realm of Weyl, Maxwell and Dirac equa- 
tions and of local field. Beyond four, dimensional reduction appears 
natural in momentum spaces, where it simply eliminates interaction 
terms from the equations of motion, while it appears redundant in 
the corresponding configuration space, for which there seems to be no 
need, for dimensions larger than four. 
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